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ADVANCE RESTRICTED REPORT 
ON THE FLOW OF A COMPRESSIBLE FLUID

BY THE HODOGRAPH METHOD 
II - FUNDAMENTAL SET OF PARTICULAR FLOW SOLUTIONS

OF THE CHAPLYC-IN DIFFERENTIAL EQJJATION

By I. E. Garrick and Carl Kaplan 
SUMMARY 
The differential equation of Chaplygin's jet problem 
is utilized to give a systematic development of particular 
solutions of the hodo graph flow equations, which extends 
the treatment of Chaplygin into the supersonic range and 
completes the set of particular solutions. 
The particular solutions serve to place on a rea-
sonable basis the use of velocity correction formulas for 
the comparison of incompressible and compressible flows. 
It is shown that the geometric-mean type of velocity 
correction formula introduced in an earlier paper, part I, 
has significance as an over-all type of approximation in 
the subsonic range. 
A brief review of general conditions limiting the 
potential flow of an adiabatic compressible fluid is 
given and application is made to the particular solutions, 
yielding conditions for the existence of singular loci 
in the supersonic range. 
The combining of particular solutions in accordance 
with prescribed boundary flow conditions is not treated 
in the present paper.
INTRODUCTION 
This paper presents a theoretical investigation that 
may be regarded as a continuation of studies initiated
KM
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In part I (reference 
to unify the results 
Temp le and Yarwood, 
their results were c 
correction factors f 
sible and compressib 
velocity correction 
to have a somewhat w 
formulas of the afor 
results of part I we 
ticuler solutions of 
basic Solutions corr
1). In part I an attempt was made 
of Chaplygin, von K 'ima'n and Tsien, 
and Prandtl and Glauert insofar as 
Dncerned with velocity end pressure 
or the correspondence of incompres-
le flows. In addition, two new 
formulas were introduced that appeared 
ider range of applicability then the 
s-mentioned authors. Most of the 
re obtained with the use of two par-
the hodograph equations. These two 
espond to a vortex and a source in a 
compressible Iiuici. 
It was mentioned in pert I that, in order to treat 
the exact boundary problem of uniform flow of a compres- 
sible fluid past a prescribed body, a general set of 
particular solutions of the hodograph equations had to be 
obtained. Such a study is given in the present paper, 
which incidentally helps to clarify the nature of the 
velocity correction factors of part I - in particular, 
the one referred to es the"geometric-mean" type of 
approximation. In addition, many interesting types of 
flows are disclosed from a physical interpretation of 
the particular solutions. A few such solutions have 
already been obtained and discussed by Ringleb (refer- 
ence 2). 
Several mathematical approaches exist by means of 
which particular integrals of the hodograph equations 
may be obtained. Two such approaches, mentioned in 
part I, may be attributed to Chaplygin (reference 3) . and 
Bers and Gelbart (reference L) and are analogous to an 
exponential and to a power-series approach, respectively. 
Another method of defining particular integrals is the 
integral-operator method of Bergman- (reference 5). In 
the present paper the differential equation, first used 
by Chaplygin in his treatment of jets (reference 3), 
provides the basis for the definition of a complete set 
of particular solutions. 
The scope of the present paper i limited chiefly 
to a systematic study of the fundamental solutions and 
to the physical interpretation of some of the particular 
flows represented by them. The combining of particular 
solutions to represent uniform flow pest e prescribed 
body is not treated herein. It is believed, however, 
that the present study may serve as a basis for further 
development and clarification of this important problem.
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SYMBOLS 
X, y rectangular coordinats in plane of flow 
q magnitude of fluid velocity 
e angle included by velocity vector and posi-
tive direction of x-axis 
P density of fluid 
p pressure in fluid 
a velocity of sound in fluid 
Mach number	 (q/a) 
p 0 ,	 p 0 ,	 a0 quantities referred to stagnation point
	 q = 0 
velocity potential 
stream function 
ratio of specific heats
	 (approx.
	 1J4. for air)
1 
=	 (approx. 5/2 for air) 
2pa0 2	 maximum fluid velocity (corresponding to 
pp=a=O) 
T	 dimensionless speed variable 
1T- 
q2 - ____4 ^ . ) 
- 2pa02
 - 2p + 7VI2 
T 5	 sonic value of T (T3	 1	 approx. 
116 for air
	
2+l
) 
For P > 0 (or 1 <	 < ), the range of T Is 
0T1. 
AF 
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GENERAL PARTICULiR SOLtP:tONS OF THE H.ODOGRPH EQUATIONS 
Hodcrarh Equations 
The linear 
and o, which 
stream function 
of e r'onviscous
equs.tions in the hodogre ph variebles 0 
cel.ate the velocity potertial
	 and the 
J ,	 or the steady two-dimensionsi flow, 
compressible fluid, are 
jJ 
;-i•--	 . 1 (q)--
(1) 
ô\1I 
-= 
in which, for the edibetic equetion of state between 
pressure and density,
C) 
(q)  
1
-	 q 
(1 - 
and
= 
-.
= a2 ( - 
pCj\\
(2 	 + l)i' 
- T) 
(See equations (21) and. (25) of reference 1.) 
In the Incompressible case T ---Q, equations (1) 
can he expressed in the Cauchy-Riemann form. Particular 
solutions 41 =	 + i'tiJ can be exuressed in this case as
	 - 
any analytic function of the complex veriable
(2)
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or as any analytic function of the related exponential 
function
e	 = qe 8	 () 
Thus, an infinite set of particular integrals of equa-
tions (1), in the incompressible case, referred to herein 
as 'the powers set, is w
k
. When k is a positive 
integer, the particular Solutions vanish at the origin 
(e = 0, log q = 0) and, when k is a negative integer, 
the particular solutions are infinite at the origin. In 
the case of nonintegral values 
of 
k, the origin is a 
branch point of the functions w. 
Another infinite set of particular integrals of 
equations (1) in the incompressible case, referred to 
herein as 'the exponential set,!! is 
(e")' = qkekO 
where, again, k can take on any value - integral, non-
integral, positive, or negative. 
In the compressible case, the particular solutions 
corresponding to the powers set w 1
 (that is, the par-
ticular solutions which reduce to wk in the incompres-
sible case i---0) depend on whether the coefficient of 
wk is real or imaginary - a consequence of the fact 
that, in the compressible case, 0 and 'Ji do not 
satisfy the same differential equation. For example, 
for k = 1, the two functions corresponding to w 
and iw, which have been developed in part I, are 
W = e + iL 
and
i = 1(0 + 
whore
L = log q + f(T) 
and
= log q ± g(T)
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and f(T) end ' g(T) each vanish for T = 0. (See 
equations (26) and. (27) of reference 1.) 
The development of other functions corres ponding to 
the power set wk , for positive integral values of k, 
follows according to the method of Ber's and Gelbart. 
(See expression (22) of reference 1.) Since the present 
paper is chiefly concerned with the functions corre- 
sponding to the exponential set e1k, the powers set 
is not further discussed. 
Cheplygin Differential Equation

The Functions P1 and	 , 
Corresponding to the exponential sets in the incom-
pressible case 
e_=qk cos ko_iqk sin k9 
and
ie	 qk sin IcO + iq cos k 
there appear in the compressible case functions designated, 
respectively,
P(q) cos lce - I	 (q) sin kG 
and
	
P(q) sin kG + I	 (q) cos kG 
where the functions P(q) and
	 satisfy second-
order differential equations. These equations are easily 
obtained by substituting in equations (1) the product- 
type solutions
	
= P(q) :
	
(M)
	 1
(L) J
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In view of equations (1) it is observed that 
p(q)=Poqd()
(5) 
dP(q) 
= -iq Q1(q) 
The functions Q(q) satisfy the second-order differ- 
ential equation 
q2 d
2 
'^`k 
+ (i +.M4)q	 k	 k2 (i	 M2)	 = 0	 (6) 
The functions P(q) can be obtained from Qk( q ) by 
means of the first of equations (5). Equation (6) may 
he reduced to a standard type by introducing T as the 
independent variable. Put 
(q) = qk Yk (T )	 (7) 
where clearly ;(T)—>l as T-0 (incompressible 
case). With the use of the symbolic relations 
	
.0	 = 2T a-. dq	 di 
2d d q —=4T —+2r 
dq 
and the relation
= 2p 
l-T 
the desired differential equation is
 1 
T(1T) _J+ k+1) -(k+1-	 ]	 +k(k+1)Yk=Q	 (8)
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Eq uation (8), which is of the hypergeometric type, was 
first introduced by Chaplygir in his memoir on gas jets 
(reference ).
The Functions Yk
 and Y 
Chalygin treated the subsonic flow of a compres-
sible fluid through jets with straight-line boundaries. 
For such problems the hodograph variables e and q 
are natural variables in the sense that the solid and 
fluid. boundaries are described by e = Constant and 
q = Constant, respectively, and only the particular solu-
tions of equation (8) with positive characteristic 
index k are needed. In the present paper a complete 
ordered set of particular solutions of equation (8) is 
obtained, which extends the results of Cha plygin into 
the supersonic range and to negative values of the 
index k. Two types of solutions of equation (8) for 
nonintegral values of k are 
Y1 (T) = F(ak, bk, I,-+J; T)	 (9) 
and
7k(T)	 Tk Fak_k , bk-k , 1-k;	 (10) 
where
Sic + bk	 k — p 
akbk = —- (k + 
and 
F(a, b, c; T) = i + ab T+ a(a + 1)b(b + 1) .. 2 + - 
C	 2 1. c(c+l) 
It is now shown that only one of the solutions need be 
used. For positive values of k, the requirement that 
y(0) = 1 excludes the use of equation (10). Fo nega- 
tive values of the index, the solution
	 1(q) q- Yrk(-T) 
obtained with the aid of equation (10) is, except for a 
constant factor, equivalent to the solution
	 (q)qk Yk(T) 
obtained with the aid of equation (9). Thus
NACA APR No. L4 T29 
= q_k 1_k(T) 
= q_k1k F (a k+k , b _k+k , k+1; T) 
= qTlt F(ak, bk , k+1; 
/ j 
Hence, only the solutions given by equation (9) are 
needed for the determination of	 end 
Then
= qk Y1 (T) 
= qk F(a17 , b 1 , k+l; T)	 (11) 
and
= q-k Y_k(T) 
q_k F(ak, bk, -k+l; T) 
= qk F(ak-k, hi r k -k+l; T)	 (12) 
Observe that both types of hypergeometric functions 
appearing in equations (9) and. (10) are utilized in the 
expressions for	 (q) and 
The foregoing discussion has been limited to non-
integral values of the index, positive or negative. When 
the index is integral end positive, equations (9) and (11) 
remain valid. When the index is integral and negative, 
however, equation (12) does not in general lead to a 
meaningful solution and consequently another independent 
solution is to be sought. The desired solution for 
Y_k( T ) in such cases contains a logarithmic term and 
again is subject to the condition that it reduce to unity 
for I = 0 (incompressible case). The expression for 
is then given by
-k 
= q	 Lk ( T )	 (13)
cJ 
+ 
44 
-.-.-
c'J
+ 
r1 
I , 
.	 - 
c'J
(\J 
aj 
+ 
+
+ 
+ 
,-4 + 
+ 
Cd 
'-4 
+
c'J 
+ 
+
•	 Cu 
+
+ 
44 
'--S •• 
CQ
txo 
0 
I
+
44
r 
II 
C)
C.) 
+ 
Q)	 I-
1-4 
U)	 ,4	 'U) 
ci	 I
44 
Cu 
44 
'----S 
Cu 
I
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+
I.-
'-4 
r1 + 
r11.-"1 
I4 
+
r-1 
4.) 
aS (I) 
4•-1-P U.) 
aS	 -P
U) a) r4
U)
0 r 
-P	 Ca
•4) ci) 
('3 -p 
C') 0 
1	 a)a3 
O'tj r1 < 
o	 U) (1) 
-PS.1 
a)	 1 
.c •'-	 cci ci 
-P0	 •H 
0 
U) 
* U) U) 
.H U) 
• ci	 D
---i-P 
• i 0 -'-4 
o : 
n,c	 0 
Cu U) co ,—1
U) r4

• 4) 0 0 
,—1 I-•4 '
 
to 
(1)
-.Q)
 (1)	 •(j,c 
,-4	 i -P
'—I c'3 -_-
C3r4	 •c-. 
Q)	 •,-1 Ii) 
ci 0 
0iU) 
C O1 
o	 ci)
ci 
to •-4 'd 
cia)	 U) 
0-,ci 
U) 04 
C') 
-P	
- -'-: •'-'
,S.r4 (I) 
4 14'.H 
.4) 
00	 5
• H 0 ci) 
,4C)	 cci 
ci
i •rI (I) 
,—.5U) 
Q re-r4 
, 
.44)	
-E-4 
4) 
ccl'd	 1 
-P ci •rl -P 
4) ,_ 
4)S. 
0 4) C)' (D 
N U.) S-i
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Case of .
	 -1:
, Consider as an example the von Ka/rman-Tsien treat-
ment of compressible flow (reference 6) in which the 
1 
adiabatic index y = -1 orp =
	
Then 
k+ 1 
a1 =  
2 
k
bk_f 
For a negative integral index, equation (l) may appear 
to be applicable, in which case the expression for 
Yk (T) would he a polynomial of degree Ic - 1. An 
examination of equation (12) shows, however, that for this 
case no infinities arise and that, when the index is 
negative, integral or noriintegral, 
= F(-i, 2' 1-k T) 
The hypergeometric series represented by 	 con-
verges for values 0
	
I T I < 1. For the present case of 
= -1 or	 = _-, values of T corresponding to 
positive values of M lie outside the range of conver-
gence. A closed expression for Yk(t) can be found, 
however, for this case which, by analytic continuation, 
is therefore valid for all values of T. Thus 
/l k	 Ic 
Y k( T ) = F1--, -a-, 1-k; T 
= [ +(l 1)112] 
Similarly, from equation (9), when the index is positive,
12	 NACA ARR No. 14129
Yk(T) =	 -, 1+k; T) 
= [i + (1 -	 1/2] 
2 
T) 
Observe that
= __ 1 
	
F	 2	 -1k 
= 1q.	
1/2	 (14)L 1 + (1 - T) 
This identity for the von Ks'rme'n-Tsien case corresponds

	
to the identity qk =1	 for the incompressible case. 
qk 
Case of k = 1: 
For k1, 
a1 1	 b1-3	 c12 
Then, for the positive index, 
= q y1 (r) 
I
= q F(i, 
-1, 2; T) 
1 - (1 - (15) 
(ç3 + 1)T 
For the negative integral index, it may appear at first 
glance that equation (i) is needed; however, equation (12) 
does yield a relevant and finite result and accordingly 
is the equation to be used. Thus
V 
NACA ARR No. 14129 
Urn F(ak-k$ bk-k , 1-k; T) 1 + T -
	 T2 + 2( -1) 
k—>1	 2x21	 2x31 
-	
-1)( - 2 ) .14 + ••• 
2 x 141 
[1-(1-T)'] 
2+ 1 
and therefore 
Q1(T) = q-1 1 +	 - (1 -	 (16) 
2	 +lL_ 
Case of Ic = 0: 
The exceptional case of Ic = 0 is directly treated 
by means of equation (8). The differential equation for 
or Q0 (T) then is
1=o 
di (1 - i)	 dTJ 
The general solution of this equation can be written as 
Q(q) = 2C1 log q + c1 
f 
[(1 - T) - ii	 + C2
14
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where C 1 and C2 are arbitrary constants of intere-
tion. The constants C 1 and C2
 are determined by the 
imposed condition that the expression for Q 0 (q) reduce 
in the incompressible case simply to log q. Then 
Cl— 1 f 
C2 = 0 
and therefore
• 1 ITr dT Q0 (q) = log q + 
	
[(1 -	
- ii r	
(17) 
In a similar manner, from the differential equation for 
F0,.
T(l - T) P'l dPol 
dT :- [1 - ( 213 + i)i i_j = 
the expression for
	 is obtained as 
fT	 (2j3 + l)T	 L 
 
p0 (q) = log q 
+- T
 L 
it is remarked that the functions Q0 (q) and P0(q) 
are identical with the elementary functions L(q) 
and	 (q), respectively, introduced in part I (refer-
ence 1) and are associated with a vortex and a source 
type of flow.
The Functions Rk and 
A linear homogeneous differential equation of 
order n can, in general, be reduced to a differential 
equation of order n - 1 by means of an exponential-
type substitution for the dependent variable. Chaplygin 
made use of such a substitution to reduce the second-
order differential equations satisfied by P k and
NACA ARR No. th129	 15 
to first-order equations of the Riccati form, in order 
to study properties of the functions P k and Qk in the 
subsonic range for only positive values of k. In the 
present analysis the Ricetl equations are also found 
useful in order to extend the study of the functions Pk 
arid Q. to the supersonic range for both positive and 
negative values of the index k. 
The second-order differentia] equations for 
and	 with T as the independent variable, are 
	
d rT( l - T) 1 dPkl	 k2 (1 
— I-----	 P =0 
	
dTLl - (23 + l)T dT]	 14	 T 
and
dr_T 	 dC1k2l (2P+1)TQ0 
dT Ll - T)	 d.T J	 T(l - T) 
The corresponding first-
obtained by substituting 
variables Rk and Sb., 
rk
Drder iiccati equations are 
for Pkand Qknew dependent 
respectively, as follows: 
= 
or
- 2T j dPk 
= 2T 3  log Pk	 (19) 
and S k dT 
= C
NACA ARR No. L4I29 
Sk 
- 2T 1 dC 
k Qkdi 
2T d	
F- log Q
	
(20) 
The equations satisfied by Rk(T) and SOT) are 
2L+ (21) 
dT	 1-(2p+1)i 1-T	 1 - T	 J 
and 
dSk	 k IS 2	 1 - (2 + 1)7 + di 1  k	 k -.	 1i	 1°	 (22) 
Initial conditions for
	 and Sk(T) are found by 
examination of the incompressible case r —0. In this 
case Pk = Qk. = qk and, since 2r 	 q	 it follows 
from equations (19) and (20) that	 q 
= Sk( 0 ) •= ]. 
The following important relation exists between the 
functions Rk(T) and Si(T): 
Rk( T
) sk(i) = 1 - (2 + 
1 -T 
=i_I 2	 (2) 
Equation (2) can be verified directly from the hodograph 
equations (1). It may be noted at this point that this 
result is of significance in connection with the 
geometric-mean type of velocity correction factor intro-
duced in part I and is discussed more fully in a later 
section. 
16 
or
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Before the functions ROT) and Sk( T ) are treated, 
certain general observations can be made regarding the 
functions PO T), Qk(T), Rk( T ), and Sk( T ) . Chaplygin, 
who limited his investigations to the subsonic range and 
to positive values of the index k, has shown that 
and consequently the other functions possess no roots 
for any value of the independent variable in the subsonic 
range, with M = 0 excluded. In the supersonic range 
M > 1, Piç (T) and Oh( T ) in general possess zeros. 
Certain relations obtained by means of equations (19), 
(20), and (23) between P1, Qk' Rk, and Sk at the 
zeros of Pkand Qk are summarized as follows: 
Pk
(Th
dP. dO,1.
S 
'k k 
0 1Max or rain ... 0 CO 0 
Max or rain 0 0 , 0
It is remarked that the number of zeros of 
as a function of the index k, can be found from an 
expression developed by Klein and Hurwitz (reference 7) 
in connection with the zeros of the hypergeometric func-
tion. In general, the number of zeros increases with 
the magnitude of the index k and is infinite for 
k =
A further observation 
nection with equation (23) 
for positive finite values 
for negative finite values 
are not zero for the sonic 
From equation (23) then, i 
Rk( T ) = 0 for M = 1.
of interest can be made in con-j 
Chepl,Tgin has shown that, 
of Ic (and the same is true 
of k), the functions Sk(T) 
value T = T3 or M = 1. 
follows that the functions 
In view of the relation between the functions

and SIc given by equation (23), only S i,,
 
need be dis-
cussed. The Riccati equation (22) may be used to discuss 
certain properties of the function SIc but in general, 
for numerical evaluation, the original definition (equa-
tion (20)) in terms of the function QIc may be used 
directly:
18	 NACA ARR No. 141129 
2i 1 dQk 
or
S1 = 1 + 2T dYk 
d  
In general, the functions Sk are expressible in infi-
nite series. For several values of k, however, S1 
can be expressed in closed forms. For k = 0 and 
k ±, Sk may he obtained by a limiting process from 
equation (20); however, for these special cases the 
Ficcati equation (equation (22)) yields the results 
directly. Thus
S0 = (1 - T)	 (2L) 
and
[1 - (2 P+ 1)T 1/2 
l - T 
/ 
= '\1 - lvi'- )	 (25) 
The oases	 k = 1 and	 k = -1 may also be expressed in 
closedform. With the aid of the equations (15)	 and	 (16) 
for	 and Q, equation (20) yields
S i	 1 - 2	
- (1 + ç3r)(1 - r)	 (26) 
1 - 
and
S	 = 1-	 T(l - T)P	 (27) 
l 
l+ 1 -.	 r	 (1-T) 
P+l
•_j 2p+1L 
In order to illustrate the behavior of some of the 
functions thus far introduced, a number of table s and 
figures are given. All the calculations have been 
-	 NACA ARR No. rII29	 19 
performed with the adiabatic index ? = 1.4. Table 1 
gives values of
	 as a function of M or T for 
several positive and negative values of the index k. 
Figure 1 shows the Y1
 functions plotted against M. 
Values of the Sk and Rk functions are given in 
tables 2 and 3 and are plotted against M in figures 2 
and 3.
The Functions fk( T ) and g(T) 
In the incompressible case, the sets of functions 
and P, can be reduced to a single function log q by 
means of a simple operator - ±o6. Thus 
Qi =	 =qk 
and
log q' = log q 
This same operation applied to the functions Qk and 
in the compressible case serves to define two useful sets 
of funcbions log q + fk( T ) and log q ± SO), respec-
tively. Thus
log k = log q + fk( T )	 ( 28) 
and
log P= log q+g(T)	 (29) 
From equation (7), namely, 
= qk y(T) 
it follows that
1 
fk(T) = j• log Yk( T )	 ( 30)
20
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From equation (5) for Pkand equation (20), which 
defines Sk,
Pk	
1 
=	 - T) 
Q 
k 
S 
k 
It follows that 
g(T) = 1 log Yk( r ) Sk(T) 
(1 - T) 
	
= f(r) +	 log	 Sk	 (l) 
(1 - T) 
For example, for k = 1 and k = -1 and with the use of 
equations (15) and (16), 
1	 "L - T1 f1(T)	 log	 (32) 
(p + 
- T )P[l + ( 2p + l)T] - 1 
= log
	
	 (33) 
(p + l)(l - 
C (T)=— log 1 +	
1 rl 
- 	 T)P+l]t
	 (34) 
(3P + 1) - p(1 + T) (1 - T)P g 1 (T) —
 log	 (35) 
2(p + 1)(1 - 
For k = 0 and Ic = ±, equations (30) 
a limiting process for their evaluation. 
for fk(T) and g(T) may be obtained, 
means of equations (19) and (20) definin 
Sk( T ), which yield the results for Ic = 
directly. Thus
and (31) require 
Alternate forms 
however, by 
g Rk(T) and 
0 and k= ±c
NACA AR No. th 12 9	 21 
fk(T) = L r  [I	 T 
	
- ij	 (6) 
and
dT 
91(i)	 lfTR() - 1J	 (57) 
where ROT) and Sk(T) are related according to equa-
tion (25). Then 
f0(T)
	 ]nT[(1 -
	
- i]	 .	 ( S) 
g(T) =	 tIT [L ; '	
- 1]	 (59) 
and
-  
f(i)	 gT)	 iJuJIl(2i) 
1/2
I 	
-1 dT
	 (ho) 2	 1-T J 
It is worthy of special notice that the functions 
and ft0,(T) are identical with the functions 
f (T), g(r), and h(T), respectively, which formed the 
basis of part I (reference I). In addition, the expres-
sions log q + f 0 (T), log q + g0 (T), and log q+f(r) 
are identical with the functions L, L, and H,
 q+- t
 
respectively, which were introduced in part I. 
A number of functions fk and gk have been 
calculated, with y 1.4, for several positive and 
negative values of the index k, and the values are 
given in tables 4 and 5 and plotted in figures L. and 5.
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The opportunity is taken here 
von Krman-Tsien case ( = -1 or 
fk	
•l 
= k
	
- log	 + (1
to note that, for the 
2)' 
- 
2 
= log	
2i/l-M 2 
1 +
	
- 
end that the sets of functions Pk and Qk	 as in the 
incompressible case, are reduced to a single function by 
the operator	 log; namely (compare equation (iLk) ), 
- 
log q+ log	
.,/	 2 
i+/L_M2 
In fact, the complex-flow potential 0 + i 4i can be 
expressed. as an analytic function of a single complex 
2/lM2 
variable B + i log q	 • Tsien has made use 
1 + 
of this complex variable in his hodograph treatment of 
the compressible flow past an elliptic cylinder (refer-
ence 8).
Velocity Correction Factor 
The solution of the problem of an exact corre-
spondence between the flow past a prescribed body in an 
incompressible fluid and the flow pest the same body in 
a compressible fluid is a difficult matter. This 
problem can be solved exactly for certain types of flow 
patbern (not past closed shapes), such as flows inside 
or outside angles or channels, and for certain flow 
singularities such as a vortex, source, and doublet - 
types of flow which can be associated with the particular 
solutions Qk . Some of these types of flow are illus-
trated by examples in the following section. Combining
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particular solutions to represent uniform flow past a 
prescribed body is a complicated process, since the treat- 
ment of infinite series in the functions Qk for both 
positive and negative values of k is involved. Further- 
more, the process of returning to the physical-plane 
variables from the hodograph-plane variables hinges on 
nonelementary parts of differential geometry. Certain 
types of jet problems can be properl y
 treated in the sub- 
sonic range by series in Qk
 with k positive, as was 
shown by Chaplygin (reference 3). Thus, it appears that 
much work remains to be done in order to render feasible 
exact and practical solutions for uniform flow past pre-
scribed bodies in a compressible fluid. Because of the 
difficulty and complexity of the general problem of flow 
in a compressible fluid, attempts have been made by a 
number of investigators to obtain results by means of 
velocity correction formulas that serve to place in 
correspondence velocities in an incompressible and in a 
compressible fluid. 
In part I the velocity correction factor was dis-
cussed with particular reference to the two functions L 
and L (Q0 and P0
 of the present paper) associated 
with a vortex and source type of flow, respectively. The 
main justification for the results of part I was the 
yielding and the unifying of the results of Chaplygin, 
von Ka'rma'n and Tsien, Temple and Yarwood, and Prandtl 
and Glauert. The knowledge of the infinite set of func-
tions Pk and Qk
 discussed in the present paper can 
now serve to establish further on a reasonable basis the 
concept of a velocity correction formula. 
In order that a single velocit y
 correction factor 
be feasible, even for a flow associated with a particular 
solution, it is necessary that Pk z Qk	 Consider, for 
example, the functions Qk and Pk insofar as the first 
power of the variable i is concerned. It can be shown 
easily that
log r,k = log q + fk(T) 
log q -
	 3T
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and
log P k = log q + g(T) 
log q - 
Thus, to the first power of T and independent of k, 
f 1,(T) =
1 
Then
Pk Qk 
(qefrk 
The nature of the correspondence between the incompressible 
flow and the compressible flow is such that 
øi =øc •.)
	
(14.1) 
'ti/i = '
tfc 
Without going into any details here of the field point 
correspondence or of the boundary distortion, the veloci-
ties in the incompressible and compressible cases may be 
placed in correspondence as follows: 
(log q ) = (log q - 2	 )c 
1 
-T 
qi = qe	 (14.2)
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This result implies that the complex variable 
o + ilog q - PT) in the compressible case corresponds 
to the complex variable 0 + i log q in the incompres-
sible case. Equation (42) represents the approximation 
of Temple and Yarwood discussed in part I. 
Consider now the functions Qk
 and D	 insofar as 
large values of the index k are concerned. It is 
recalled that, as the index k 
Rk ---- S
- 
and that
log	 log Pk 
—3 log q + h(T) 
where
h(T) = f (T) = g(-r) 
Then, as k
[qe()]' 
The function h(T) is expressed in integral form in 
equation (LO) and has been evaluated and tabulated in 
part I. (See also table L and fig. L. of the present 
paper.) The correspondence of velocities in the incom-
pressible and the compressible case is given by 
q1 = q0h(T)	 (3)
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Equation (43) constitutes the geometric-mean velocity 
correction formula introduced in part I and is limited 
to the subsonic range 0	 M	 1. It is observed that,
for positive values of k, h(T) lies between fk(T) 
and g1 (T) in magnitude. Moreover, the deviation of 
1 (1) 
eh(T)  from e	 and e	 is quite small in the
subsonic range. (See table 6.) 
The foregoing remarks, together with the fact that 
the geometric-mean type of approximation contains the 
results of Chaplygin, von Krma'n and Tsien, Temple and 
Yarwood, and in the limiting case of small disturbances 
to the main flow the exact Prendtl-Glauert rule, lead: 
to the suggestion that it may be adopted as an over-all 
type of approximation in the subsonic range. 
Flow Patterns Corresponding to the Particular Solutions 
Before the flow patterns corresponding to the par-
ticular solutions	 and 
''k given by equations (1) 
for the compressible case are discussed, it is instruc-
tive to examine the incompressible case. Consider the 
complex velocity potential 
= 0 + i'1' 
= Uz n
	 (L4) 
where U and. n are constants and z = x + iy. It is 
well known that, if n = E where a is an angle between 
cL o and 21r, equation (44) represents the flow in a sharp 
angle. For example, the flow inside a right angle is 
obtained with n 2 and the flow outside a right angle 
is obtained with ii	 -. Again, the value n	 1 or 
CL = ir corresponds to a uniform flow and the value n = 
or a 2ir corresponds to the flow around a semi-
infinite line. Clearly, all the angle flows are obtained 
with values of n between 1/2 and co. Other types of 
flows are given by other values of n. For example, 
n = -1 corresponds to a doublet and the remaining
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negative integers are associated with singularities of 
higher order then the doublet. In addition to the flows 
described by the powers zn P there are the two funda-
mental flows, the source and the vortex, associated with 
the function log z. If, now, it is desired to obtain 
C.) 	 for the compressible case of the fore- 
going particular flows, the procedure is first to express 
or i4J for the incompressible flow as a function of 
the hodograph variables q and 6 and then to replace 
q1 by k or Q., respectively. Several examples will 
best illustrate this procedure: 
(1) Consider the com pressible generalization of the 
angle flows. By means of the relation 
dQ - 
dz 
where w = e + i log q, the hodograph complex variable w 
-	 is introduced as inde
.
pendent variable in piece of z. 
From equation (14)
dQ	 n-i 
- = nTJz 
dz
= eW 
Hence
Z = _______(
e-iw)
 
n-1 
(Un) 
and
n
-I 
TJ	
(e-A-w)n- --U 
 
n-i 
(Un)
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Then
= -	
qT sin	 B 
(Un) 
If	 is replaced. by k, the compressible generali-

zation of the angle flows is given by 
'ok= -
	
k in kB	 (45)
(U 
The inside angle flows are given by values of k in the 
range 1 < k <
	
and the outside angle flows, by values 
of k in the range 1
	 -k < co . For example, k = 2 
for the flow inside a right angle, and k
	 -2 for the
flow outside a right angle. Other types of flow are 
given by values of k in the range -1 < Ic
	 1. 
The case k = 1 or n = ±c IS exceptional and, in 
fact, corresponds to the incompressible flow 
eCZ 
where c is a constant. 
(2) Consider the compressible generalization of the 
doublet. The complex velocity potential for the incom-
pressible doublet at the origin is 
z 
The reflected-velocity vector is 
dQ_ 
dz
= e_IW
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Hence
iw 
z=ie 
and
1. 
- 1W 
= -e 
The stresm function for the incompressible doublet is 
then given by
1 
2 \fr =-q cos 
The compressible generalization of the doublet is 
therefore
Q1/2 Cos 2 
1 
() Consider the compressible generalization of the 
source. The complex velocity potential for a unit source 
at the origin is
= log z 
The reflected-velocity vector is 
dQ_i 
e 
Hence
z = 
-	 and
0 = iw
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The velocity potential for the incompressible source is 
0 = - log q 
:]The compressible generalization of the source is then 
given by
ø'O = - Po 
(L) Consider the compressible generalization of a 
point vortex. The complex velocity potential for a 
vortex of unit strength at the origin is 
= - i log z 
The reflected-velocity vector is 
d2_	 t 
dz	 Z 
Tie no e
z = 
and, except for an additive constant, 
The stream function for the incompressible vortex is 
log q 
The compressible generalization of the vortex is then 
giver by 
Zr' 
1
1110= Qo
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Transformation from the Hodograph 
to the Physical Variables 
Given the velocity potential 0 and he stream 
function ii in terms of the hodogreph veriables U 
and q, it is possible to express the coordinates x 
and y of the physical plane in terms of U and q. 
From the basic flow equations 
- 
p. 0 a 
ax	 p ày 
aO = 	 P. 0 64i 
ày	 p 
it follows (see e q uation (6) of reference 1) that 
dz = L e 10 (dø + E.g. d) 
The real and imaginary parts of this equation yield 
dx	 cos 0 -	 sin e) d  
oq 
+ 
(To  cose -	 sin e) de]
(24:7) 
dy =	 sin 0 +
R
à\II COS e) dq 
q	 ^7q p 6q
+	 sin e +	 cos e) dej 
P ae 
Equations (47) relate the differential line elements in 
the physical x, y plane and the hodograph e, q plane. 
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When expressions for 	 and i as functions of 0 
and q are known for a given flow, the integrals of 
equations (47) are the equations of transformation of 
the B, q to the x, y coordinates. It may be remarked 
that the hodograph flow equations (1) are the intera-
bility conditions for the differential equations (7). 
The right-hand sides of equations (47) are therefore 
perfect differentials. 
Consider one set of particular solutions from equa-
tions (Lj)
	
0	 P(q) cos kO 
- Q( q ) sin kO 
where k ±1 and k = 0 areexcluded. By the use of 
equations (5), it can easily be verified that 
1
(Pk
	
Qk)Xk __ 	 k+l 
+	 ^	
cos(k - 1)91 
q	 pq kj	 k I 
-j + Constant
k	
-	
\ sin(k + 1)9 
pq k)	 k+l 
"\sin(k--
	
\\q	 k)
()8) 
+ Constant 
The equations of transformation corresponding to the 
other set of particular solutions from equations (Lb ) are 
obtained by replacing in equations (48) the cosine by 
the sine and the sine by the negative cosine. 
The excluded cases k 0 and k ±1 are now 
treated. For k
	 0, one set of particular solutions 
corresponds to a source and is
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.LO 
= 0 
Equations (47) then yield 
	
=	 co 0 
pq 
Y = 
p0
sin 8-
The other set of particular solutions corresponds to a 
vortex and is
= e 
1 1 0 = Qo 
Equations	 7) then yield
1 
= Sin 0 
	
y =	
1 
- - cos eq 
For k	 1 with
01 = F 1 cos 0 
=	 Q1 sin e 
equations (47) yield
1 !(L dP, + ,p o dQ,  
dq 
-	
Xl = (_
 
P
o- Q1COS 29 + • 
4q	 pq	 / tj CI dq	 pqdq )
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With the use of equations (15) and (5), 
	
1 r	 1 -(1 - T)	 1 1--	 cos 2O+ log q 
(p + 1)(l - T)PJ 
-	 1213+1[
	 1 
g() -	
•+ ' L' - T)	 j 
T )P+1 1 
=	 1 -	
-	
sIn 29 - 9 
	
L	 (t + 1)T(1 - 
where g(T) = g0 (T) by equation (9) and is evaluated 
in part I (reference 1). 
For k = 1 with
= P1 Sin 8 
=Q,cos e 
l(lT)P+h1 
1-
	
	 Isin 28+8 
(p + 1)T(1 - T)J 
	
1 [	 1 - (1 - T)
—cos 28+ log q 
	
L	 ( + 1)T(1 -i) 
-	 g(T) -	 + 1	 1	 - 1 
p + 1	 2 P + 1 [ci - +) P]
(L9) 
(50) 
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For k = -1 with 
0.-i = P_ i cos 9 
= Q_ i sin 9 
e quations (7) yield 
X-
= (—+ 
_Li)C0S 29 +	 r(zi	 QdQl\dq ]	 J	 q	 pq /	 2j \\q dq	 pq dq ,J 
\ q	 pq /	 2 q	 pq -1) 
Y- sin 29 
With the use of equations (16) and (5), 
-. 1
	 (1+T)1 cos 29 
q2 L ± 1 (1 T )	 J 
1	 __ + ---s- log q +	 ------:- g(T) 
-'	 2 + 
+ 33+2	
_	
-
i-i
 
S O + 1) P a. 2 [(1 - T)	 J	 (51) 
irP+12 -1	
- p- (1+T)l sin 20 
q2 
	
(1T)	 Pi	 J 
+	 1_a
4a0
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For k = -1 with
	
= -
	
sin 0 
'if _i = Q_l Cos 9 
1 ____	 1  
7q -	 +l 71-T)1 
( l^ P T )J sin 29 
_19 
-	 i[+2	 1	 -	 (1+T)]cos 29 
q2 +1 (1 -^- T	 P +l 
+_1 log q+ 32	 g(T) 
a0 2	 + 
+ 3+2 2+1
	 1 
8( + 1) Pa 2 	 -
 
Ringleb (reference 2) gives an example of the flow 
of a compressible fluid around a semi-infinite line. An 
examination of Ring1ebs stream function 'if =	 sin 
shows that it is a linear combination of 'IJ	 and 'f• 
that 1$,
1     
(52) 
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In fact, all the external angle flows (i 1 -k <	 are
nonunique; for, in view of the discussion preceding 
equation (11), a general form of 
'1k is 
q_k [A'k 
Yk ( T ) +	 sin 
where A is an arbitrary constant. 
Observations on Limit Lines 
In the present section there are reviewed briefly 
certain conditions, discussed by Toilmien (reference 9) 
and Ringleb (reference 10), with regard to possible limi-
tations on the potential flow of an adiabatic compres-
sible fluid. 
Consider the family of streamlines 
Constant 
Then along a streamline 
d\V
	
-Ldc? +Ldq=O 
and, from equations (17), the line elements along a 
streamline are 
dx =	 [M2 -1) ,) 2
	
dq
(53) 
dy =	 -	 -	
:: dq 
Singular points along a streamline are characterized by 
the vanishing of the common factor of equations (53):
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Q 2 - 1(2 -. l)(2	 .3 q) (514) 
.L
ir ce 
Ob s 
the 
q 
by 
(Stagnation points at which
	
and 
vortex for which	 = 0 and the so 
are excluded from this discussion.) 
equations (47) that the Jacobian of 
from the hodograph variables 8 and 
plane variables x and y is given
vanish,, the 
for which	 = 0, 
rve now from 
transformation 
to the physical-
=)
 
p q 2
	
B q 
I-. 
= 1 (P	
\
(2 - 1M2	
')(2j 
(55) q\pI I1 
L. 
Thus, the vanishing of the Jacobian is equivalent to the 
condition for the existence of a singular locus for the 
family of streamlines
(e,q) = Constant 
This singular locus consists of points at which the 
streamlines undergo an abrupt change of curvature and 
dq 
means, physically, that the acceleration qof a 
fluid particle is infinite at such points. ds 
Both Ringieb and Toilmien. have shown that the 
singular locus for the streamliies is also the envelope 
of the Mach lines in the plane of flow. The Mach lines 
are related to the streamlines in such a way that the 
component of the fluid velocity normal to a Mach line is 
equal to the local velocity of sound. The Mach lines 
are identical with the so-called characteristic curves 
of the second-order partial differential equations 
for 0 and i and are the integral curves of the ordi-
nary differential equation
NAC A ARR No. W129	 39 
dO2 -	 (M2 - 1)dq20 
or
	
dO=±J_ldq	 (56) 
The real solutions of this differential equation inter-
preted in the physical x, y plane yield the Mach lines 
for a given flow. The solution of equation (56) is 
i	 1 i o -	 ± - tan	 - 1) - tan	 - I	 (57) J 
where Ts = -- and where 0. assumes the values 
of 0 along the M = 1 line for a given flow. 
It is recalled that the function 
H = log q + 11(T) 
introduced in part I refe'ence 1) in connection with 
the geometric-mean type of velocity correction formula, 
is a solution of the differortial equation 
/	 0 
-	
- 
= ± ---- ctq 
q 
in the subsonic range. Observe that a continuation of 
the function H into the supersonic range is given by 
equation (() as
d  = ±	 - dq 
q 
In the supersonic range, the function H = 0 - 0 0 can 
thus be interpreted as the hodograph of the Mach lines 
for a given flow.
40 	 NACA ARR No. LL1129 
The differential line elements dx	 and	 dy for the 
Mach lines in the physical plane are now given. From 
equations	 (47) and (56),	 the line elements along a Mach 
line for a given flow are 
dx cos O-sin e)(±2_i VI)dqL
(58) 
dy sin 8+008 8±1 d 
pq
qJ
Singular points along a Mach line are characterized by 
the vanishing of the common factor of equations (58)
- i=o	 (59) 
Equation (59) represents in-the plane of flow two pos-
sible singular loci or 'limit lines' for the two families 
of Mach lines associated with the plus and minus signs 
in equation (56). Clearly, the two singular loci cannot 
occur simultaneously since the two conditions cannot be 
satisfied simultaneously. Observe that equation (59) is 
equivalent to the vanishing of the Jacobian given in 
equations (55) . Thus, the vanishing of the Jacobian is 
not only the condition for the existence of a singular 
(cusp) locus for the streamlines but also the condition 
for the existence of a limit line (envelope) for the 
Mach lines. 
The existence of a singular locus may be looked upon 
as being equivalent to the vanishing along a curve of 
the Jacobian J(L	 of the transformation from the 
, q 
hodograph-plane variables 8 and q to the physical-
plane variables x and y. It is remarked that 
singular solutions exist for which the Jacobian
x q) ,y 
of the transformation from the physical-plane variables x 
and y to the hodograph-plane variables 8 and q 
vanishes identically in a region of the physical plane. 
In this case, as Tolimien pointed out, 0 and q are 
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no longer independent variables and the flow cannot be 
described in the hodograph plane. Examples of these 
Umissed flows" are the solutions of Meyer (reference 11) 
for supersonic flow inside and outside sharp angles. 
It is of special interest to apply the condition 
for the vanishing of the Jacobian to the particular 
solutions Vk and	 k treated in the early part of 
this paper. The expression for the Jacobian for a 
particular solution
—P k cos kG 
lJk =
	
sin kG 
is, with the use of equations (5), for k ' 0, 
- j — aQ.	 au; - àØ àt' 
p q 2 àG àq	 àq àe' 
-	 =[Pk2 siri2k8 + (P) 2(2)	 2 cos2i	 (60) 
Clearly, this expression for J is positive in the sub-
sonic range M < 1. At the sonic value M = 1, Pk / 
(see table following equation (23)) and J is again 
positive. At the first zero of P
	 in the supersonic 
range M > 1, Q1, ' 0; hence, J is negative. The 
values of lvi, for all the pairs of values 6. M for 
which the Jacobian J vanishes, therefore lie between 
M = 1 and the value of M at the first zero of 
(or SO in the supersonic range. 
By means of the relation 
Pk= PO
pairs 
x,y 
flow 
Dn (61 
M at
of values e, M, 
plane constitute 
'k	 4 rj.	 The 
accordingly lie 
the first zero 
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the vanishing of the Jacobian yields 
cot ke 1	 (61) 
Equation (61) is the relation for 
which interpreted in the physical 
the limit line for the particular 
values of M that satisfy equati 
between M = 1 and the value of 
Of Sk in the supersonic range. 
This paper is closed with the following remarks on 
limiting values of M in connection with the use of 
velocity correction formulas. The limiting local values 
of lvi in the case of uniform flow past a prescribed 
boundary, in general, depend on shape parameters. The 
use of a velocity corre:.ctlon formula, however, yields a 
constant limiting va1u of M: that depends only on the 
particular correction formula used. The geometric-mean 
correction formula yie.ld th—e. \t1ue M = 1; the approxi-
mation of Temple and Yarwood yields M 1.35; and the 
arithmetic-mean correction formula given in part I 
(reference 1), which is based on a linear combination of 
a source (limiting value M = 1) and a vortex (limiting 
value M =
	
or a spiral flow, yields the value M = 1.15. 
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Figure 1.- The Yk functions against	 U for several	 values of	 the index	 k.
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Figure 2.- The S 	 and R functions against M for several positive values of the index Ic. 



